Chapter 4

Numerical modelling of Rayleigh-Taylor instabilities

4.1 Introduction

A prominent &ample of sawv of crustal rocks dsien mainly by compositional
buoyang is found in salt diapirism.Rocksalt is nearly incompressible and main-
tains its relatiely low density under high pressureafter deposition of the salt in
evgorite basins and subsequentiél by increasingly denser sediment, a density
inversion can occur which may lead to the formation of salt dorfibs.lage eco-
nomical interests, associated withdhocarbon trapping and long term storage of
radioactve waste and engy reseres, hae lead to an xdensve gudy of the
dynamics of salt dome formation, using analytical methods [Hunsche, 1977; Ram-
beiy, 1981], eperimental approaches [Whitehead & Luth¥975; Talbot, 1977
Jackson et al., 1990], and numerical modelling [Berner et al., 19G@it V¥978;
Schmeling, 1987].In both the analytical and numerical approaches, the mathemat-
ical model has been used of a Rayleigiyldr instability - a greitational instabil-

ity of a layer of heay <uid overlying a lighter one [Chandrasekha®61].

In this chapter some technical aspects of the numerical modelling of Rayleigh-
Taylor instabilities will be discussedThe quality of the numerical study of this
model depends strongly on the approximation of viscosity and dersity dis-
continuity of these properties across the iategfbetween the tw uids males this
a ron-trivial task.

4.2 Implementationof buoyancy rces

In the stream function methods (chapter 3), the iaterfis represented by a dis-
crete chain of mades. The elements of the loadctor are deEned by the gné
expression (3.28) (witlRa = 0), which for a gren distribution of marlers can &E-
ciently be calculated by the simple summation (3.3@ble 3.4 of chapter 3 stwe
the high accurac that can be obtainedimplementation of the magk chain
method is more complicated within the penalty function approdtte element
load \ector is then gien by (refer 3.15d)
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ff = Qrgfide 4.1)
e

Calculation of the intgral is difdcult to perform accurately in elements through
which the markr chain passes. A more natural approach is to represent the inter
face by element boundaries and createvamesh at each stefhe success of this
Lagrangian approach depends strongly on the intelligence of the mesh generator
At large deformations the automatic mesh generation @igrbfit regular geome-

tries, such as the releély simple domal shapes, can be handled without problems.

. Dx = 0.06 Dx = 0.04 Dx = 0.02
Figure 41 Initial conEguation used in the Llgrangian appoad for deceasing typical el-
ement siz®x.

The accurag of the Lagrangian method can be tested by determining thettgro
rate of a perturbation on an initially horizontal ingex. From linear stability anal-
ysis, an analytical solution can be obtained for this chggure 4.1 shws the ini-

tial mesh con®gurations for a Rayleighylor instability of two layers of equal
thicknessh = 0. 5. In this and folleving models all pisical quantities are non-
dimensional. Therids are characterized by the typical size of an element bound-
ary Dx. Table 4.1 shws the accurgcof this method in determining the gvth rate

k for a model with density contraBtr = 1, free-slip boundaries and constant vis-
cosityh = 1. The initially horizontal integfice (shwn by the thick solid line) is per
turbed by a harmonic withavdength 2 and amplitude 0.01 (compare table 3.4).

Table 4.1 Rayleigh-TRylor instability

Dx gronth rate  cpu
Dx=0.1 0.05272 2
Dx =0.06 0.05295 8

Dx =0.04 0.05302 38
Dx =0.02 0.05309 512
Analytical 0.05313
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4.3 |soviscous models

Figure 4.2 displays the ddopment of the ®nite element mesh for the Rayleigh-
Taylor instability described alve. The interfice is adanced using the predictor
corrector method described in chapter Ater each time step the nodal points
along the intedice and at theevtical boundaries are repositioned to maintain a
approximate element sif&x = 0.06. Themesh is rgenerated for each solution of
the Stoles equation.At dimensionless timé = 100, the intedice nearly reaches
the top and bottom boundary of the domaihit would be alleved to reach the
boundary the nodal points describing the upper amgrdoundary of each uid
layer would overlap and the meshauld become ill-de®nedAt least one element
row is maintained between the top and bottom boundary of the domain and the
interface. Thevertical size of the element wois kept ®nite § 0.01)to avoid
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Figure 42 Development of an isoviscous (h = 1) Rayleigh-Taylor instability with free-slip

boundaries, modelled with the Lagrangian approach, Dx = 0.06. Density difference be-
tween the layers is Dr = 1.
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Figure 43 Same as figure 4.2, now modelled using the stream function formulation. y indi-
cates the spline method, C1 the method using the non-conforming element.
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numerical errors as a consequence of gelalement aspect ratio [Gelier et al.,
1986].

Figure 4.3 shas the eolution of the interbce between the "uids for the same
Rayleigh-Rylor model, calculated using the markchain method in the stream
function formulation, using both bicubic splines (denoted;bynd the non-con-
forming element (C1) (for grid speci®cation refer chapter)e marler chain is
regridded at each time step to maintain an approximate distance between the mark-
ers of 0.002.

Figure 4.4 compares thewdtopment the height of the diapirand the root-
mean-squaredelocity v, (3.35) for the mardr chain method and the Lagrangian
approach.
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Figure 44 Comparison of the three methods. e denotes the Lagrangian approach. The use
of a3’ 3 Gaussian quadratureruleisindicated by G:3~ 3.

Both marler chain methods comparery well. For these iseiscous models
the relatve marse grid s®ces to calculate the globavatution of the model. In
®gure 4.3 some small oscillations in the inded are visible at =220 which is
mainly a consequence of thedar relatve aror in calculating the elocity compo-
nents from the stream function in the stagnation zdrfe marler chain method
makes it possible to use a ®ne discretization of the iaterf In the Lagrangian
approach it is necessarily coarser and thisamsake implementation of theudy-
ang forces less accurate. This can be olewhen comparing the graphswfs
in ®gure 4.4 and the snapshots at 100 in ®gure 4.2 and 4.3This error can be
reduced by decreasing theeege element size at the cost of much higher compu-
tational efort. Figure4.4 compares, s calculated using arverage element size
Dx = 0.04 with the other models.

The spline method isabter by adctor 3 compared to the non-conforming ele-
ment method for the problem describedabdBoth methods are muchdter than
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the Lagrangian approach, where at each step the mesh has ¢pideerband the
discretized matrix equation has to be constructeinagin both marler chain
methods the ®nite element mesh and the viscosity disivibare stationary in time

and this maés it possible to construct the Btéss matrix only once, and store the
decomposed form of the matrix in memofhe discretized Stas equation can

then e®ciently be soled by back-substitution.This disadentage of the
Lagrangian approach, with respect to the stream function methods, disappears in
the modelling of non-isascous “@vs, where the sfifiess matrix has to be con-
structed atwery step, irrespecte d the emplged method.

4.4 Newtonianmodels with variable viscosity

A more realistic model for salt diapirism is a Rayleighd®r instability where the
upper layerrepresenting the sediment, has a higher viscosity than the underlying
(salt) layer Traditionally a viscosity contrast of 30-100 has been used [Hunsche,
1977; Woidt, 1978; Roemer & Neugebau&®91]. Inthe Lagrangian approach the
discontinuity in the viscosity coincides with the element boundaries representing
the interbice between the uids. The viscosity is constant in each eleineifie
stream function approaches the grs (3.27) and (3.33) are @ult to calculate
accurately in elements in which the viscosity is discontinuous. Using standard
Gaussian ingration (with 3 3 Gaussian points), the viscosity discontinuity is not
well resohed. Woidt [1980] uses an 88 Gaussian rule within those elements to
improve o this. Itis questionable whether this computationakpensve method
is necessary for purely Meéonian “avs. Localchanges in the viscosity distab
tion will not have a $rong in uence on the Ige scale w, as can be seen from the
rise of small 'Stoks' droplets through a viscous mediuithe drag rerted on the
droplet which is only a function of radiuslecity and viscosity of the surrounding
“uid [Batcheloy 1967]. Theviscosity of the droplet itself is not important in deter
mining the speed with which it rise3hhe use of Gaussian ig&tion in calculat-
ing the element inggals efectively diffuses the discontinuityver a length scale
that is determined by the spacing between the Gaussian points. Using a higher
Gaussian rule will decrease the spacing and iwgtte resolution of the disconti-
nuity, but, as will be shan in the follaving example, this has not a distinguishable
effect on the dynamics of the Rayleighylor instability

Figures 4.5-4.7 compare theotution of a model with tw homogeneous "uid
layers with diferent density and viscositinitial perturbation is a harmonic with
wavelength 2 and amplitude 0.0The viscosity of the upper layerhg = 100, the
lower layer has viscositii, = 1. Figure4.5 shavs snapshots of the mesh in the
Lagrangian approach witbx =0.04. Figure4.6 shevs the deelopment calcu-
lated by the spline method (using both & 3 and 8" 8 Gaussian rule), in
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Figure 45 Development of a non-isoviscous Newtonian RT instability with free-slip bound-
aries, as modelled by the Lagrangian approach (Dx =0.04. The density difference is
Dr = 1, viscosity of the upper layer is h; = 100, and the viscosity of the lower layer h, = 1.

t=3000 t = 4000 t =5000 t =6000

Figure 46 Comparison of development of RT instability (model parameters as in figure
4.5) calculated by the spline method (y, grid 10~ 10) with 3~ 3 and 8" 8 Gaussian
quadrature rules and the method with the non-conforming element (C1, grid 20~ 20)).
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Figure 47 Comparison of the three methods in calculating h and v,.

comparison to the result obtained by using the non-conforming elemérg (3
Gaussian quadratureh andv,s are displayed in ®gure 4.7 he rms elocity has
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two distinct peaks at » 3000 and » 5200, which are correlated to rgamnizations

in the “av pattern, when the inteate between the uids ‘feels' the in uence of
®rst the laver boundary and methe side boundaryThe Lagrangian approach pre-
dicts a deelopment that is, as has been obedrin the purely Netonian case (®g-
ure 4.4), a little shver than that predicted by the stream function methadsthie
difference is small.

The second wariant of the strain rate tensdis the main parameter determin-
ing the paver law viscosity (2.11).In the models used in this section, the viscosity
is discontinuous across the interé between the uids. As aagé tension é&cts
can be nglected, both the normal and shear strese kmbe mntinuous across the
interface. Ingeneral this leads to discontinuous components of the strain rate ten-
sor and discontinuoud. In the Lagrangian approach this discontinuity will be
resohed accuratelyas the interace coincides with element boundaries, across
which the denatives o the \elocity shape functions are not necessarily continu-
ous.

In both stream function methodéss continuous within the elements and the
use of bicubic splinesven guarantees continuity d@f across element boundaries.
As will be shevn belav the continuous approximation t& leads to spatial

t=3000 strain rate at x=0.5 t= 6000

strain rate at x=0.5
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Figure 48 Strain rate &at x = 0. 5 calculated by the three methods for the Newtonian mod-
el with homogeneous layers of different viscosity. The discontinuity in strain rate at the inter-
face between the fluid is only well resolved by the Lagrangian approach (€).
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oscillations that depend on element size and acgwfatie numerical intgration.
For a power lav creep model this will hae a $rong efect on the viscosity distri
tion around the inteaice between the "uids.

Figure 4.8 displays thealue of @ at a cross-section through the model at
X = 0. 5for the three methods at times 3000 and = 6000 (compare ®gure 4.6).
The heay solid line display<e calculated from the Lagrangian approachvghg
the discontinuities at the intede aty = 0.56 (t = 3000),y =0.35andy =0.95
(t =6000). The spline method (haadashed line) ges a @ntinuous approxima-
tion, which oscillates in the layer with thenlest viscosity As a ®nsequence of
the relatvely coarse discretization (1919 spline coébcients are used) each spline
has a broad basis, and agkmpart of the medium is in uenced by the induced
oscillations. Theesults obtained with the non-conforming element (calculated at a
®ner grid) shav sharp and short avdength oscillations, ain in the layer with the
lower viscosity

Figure 4.9a shws the efiect of grid re®nement on the results of the spline
method, compared with the Lagrangian approadlhe mesh indicated with
20" 20 results in 39 39 unknaevn spline coedcients. Figuret.9b displays results
obtained fort = 3000 with a more accurate calculation of the graés in the
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Figure 49 Compare figure 4.8. a) Influence of increasing the number of elements in the
spline method y b) Influence of calculating the element integrals in the stiffness matrix in the
element in which the marker chain lies using an 8 © 8 Gaussian rule and a trapezoid rule us-
ing 20 * 20 points within the element.
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coef®cients of the stthess matrix (3.33)In the elements in which the viscosity is
discontinuous, the inggal is approximated by either ari 8 Gaussian quadrature

rule (heay dash), or a 20 20 trapezoidal rule (light dash-dot). Both methods
improve the solution slightly by decreasing the amplitude of the oscillations.
However, it is dear from the abee experiments, that the inability of the empéal

shape functions to model the discontinuous strain rate function is the main reason
for the occurrence of the oscillations.

4.5 Non-Newtonianeows

To illustrate the décts of the oscillatory@ in non-Nevtonian ~avs, some xperi-
ments are performed with strain rate wer@kg pover lav creep model

1-n
h = AYen n>1 (4.2)

The non-linear equations of motion are solhby Picard sub-iterationiThe strain
rate @ within an element can bemgressed as a function of thelecity components
in the nodal points using the analyticapeessions of the destives o the shape
functions (see appendix A and B).

In the ®rst non-Netonian model to be considered the material propesies
and n are constant throughout the mediufigure 4.10 shes the snapshots of

t=20 t=30 t=40

log e

Figure 410 Snapshots of the interface and the strain rate @ for a non-Newtonian RT insta-
bility. A=1andn = 3inboth layers.
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log & and the intedce for a model wittA = 0. 1andn = 3, calculated by the spline
method with mesh 1515. Initialamplitude of the harmonical perturbation is 0.1.
Figure 4.11 compares the top of diagij, (rms \elocity (v,ns), and the mini-
mum (,in), Maximum b4, and wlume aeraged b ,,) viscosity calculated by
the spline methody() and the Lagrangian approaad).( Oncethe interfice reaches
suf®cient amplitude the &fctive viscosity decreases sharply and the diapivero
fast. Therapid overturn creates the sharp peak visible in the reisoity. h,, and
h,, are smooth functions of time and sha dear minimum during thewerturn.
The coarser inteate discretization is agn the reason for sieer development of
the model in the Lagrangian approacht the time lag is small and otherwise the
approaches compare quantiely very well. The maximum viscosityn . IS
determined by the local strain rate minima in the stagnation points (or rather stag-
nation zones; ®gure 4.10). Thalwe of the strain rate in these points is clearly not
well de®ned, bt as the amount of deformation isghigible here, the actualalue
of the viscosity is notery important. The erratic behaour of the maximum vis-
cosity has been obsed previously in time-dependent thermal e@otion models
using the penalty function formulationdk den Beg & al., 1993]. It shas that
hhax Cannot be used as a good indicator of the dynamicalimeimaf the models.
An interesting class of models comprises those with material parameters that
are discontinuous across the inded. Consider a densewenian layer gerlying
a lighter non-Ntonian one.The discontinuity in the creepwainduces a viscos-
ity discontinuity and consequently oscillations in the strain @t the marler
chain method is empyed (section 4.4). The oscillations @ have a $rong in u-
ence on the viscosity disttibion in the non-Ne&tonian layer and it has to bevas-
tigated whether the magk chain method can still be used for this class of models.
Fdlowing examples are calculated with the Lagrangian approach and the spline
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Figure 411 Development of h and v, for the non-Newtonian model.
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Figure 412 Development of a RT instability with Newtonian rheology in the upper layer

(A=n=1 and non-Newtonian in the lower layer (A=0.01 ,n=3). The oscillations in

strain rate @ that are induced by the approximation of the interface in the spline method (top
row) are absent in the Lagrangian approach (bottom row).

method. The other magk chain method belies qualitatively in a similar vay as
the spline method.The conclusions that are made hold equally for both enark
chain methods.

Figure 4.12 shws snapshots of the intade ande for a model with Nevtonian
upper layer A =1, n = 1) and non-Netonian laver layer A = 0. 01,n = 3). Other
model parameters are as in thevipes model. Some deried quantities are plotted
in Figure 4.13. The results displayed in the topwdFig. 4.12a) are calculated
using the spline method (grid 1815). Theoscillations close to the intade
resulting from the use of the mark chain method are clearly visibleThe
wavelength of the oscillations is determined by the grid spacing, the amplitude
depends on the amplitude of the nearby viscosity discontinnithe areas where
low strain rates pnesil the viscosity discontinuity is lgest.
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Figure 413 Development of h, v, and h for the mixed Newtonian/non-Newtonian model,
comparing the spline method (y ) and the Lagrangian approach (€).

The results obtained using the Lagrangian apprg&ph= 0.04) are shon in
Fig. 4.12b The discontinuity ine is well resohed and oscillations of the sort that
are visible in ®gure 4.12a do not occur

In ®gure 4.13 the position of the top of diapjrrms \elocity v,s, and the vis-
cosityh in the laver layer are plotted as function of time.andv,,s are similar in
both calculations,>&ept for the - gpected - time lag induced by the Lagrangian
approach. At » 13 the viscosity is minimal in thever right hand side corner
where the laver layer is squeezedvay from the right hand side boundarn the
thin row of elements that is maintained between the iatfand the lwer bound-
ary the calculation of the strain rate is netwaccurate and itsalue is generally
overestimated (compare e.g. ®gure 4.8b, ngar0). Locally this induces the
exaggerated viscosity minimum, that is visible in ®gure 4.TBe viscosity con-
trast across the intexdde (that is ne time and position dependent) is moderate in
the abee nodel (on the @erage around 1Q compare ®gure 4.13)Some models
have keen gamined with higher contrasts. Those displayed stronger oscillations in
@ andh when using the maek chain methodMethods to smooth the oscillations
have been gamined, bit these shwed to hae redigible effect on the dynamics of
the Rayleigh-&ylor instability Howeve, it cannot be xcluded, that in situations
with strong viscosity contrasts and a highly non-linear rheology the numerical
oscillations in the viscosity ®eld can play a role irvgaing the dynamics of the
model and that the Lagrangian approach might be essential in obtaining a reason-
ably accurate solution to the problem.

From a computational point of wiethe spline method is the mostReient,
with respect to both computer time and memdrythe example abwge with free-
slip boundaries and grid 1515) there are 2929=841 dgrees of freedom (the
spline coe®cients). Thematrix has a bandwidth of 329 + 3 (refer appendix B)
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and requires approximately 600 Kbyte of core memdagiculation of the matrix
coefdcients is by &r the computationally moskgensve task in the solution pro-
cess, because of the complicategressions (3.33).Construction of the matrix
and solution of the discretized system of equationsstakl seconds on a lIris
Indigo workstation. Orthe same grid there are 2463 unkns in the C1-method.
The matrix can be stored in 2 Mbyte. The solution of the systees @lseconds,
just a little faster than the spline methoditlit should be stressed that for approxi-
mately the same accusathe C1 method needs more elemenisthe Lagrangian
approach witlDx = 0.04 there are 5508 unlmns and the matrix storage requires
approximately 4.7 Mbyte. The solution of the systene$aB0 seconds. A further
disadwantage of the Lagrangian method is thatveogence of the Picard iteration
to sole the equation of motion for non-linear rheology isnsldt takes about 2

the number of iterations compared with both stream function methods.

4.6 Conclusions

The two dream function methods described in chapter 3 and a Lagrangian
approach using the penalty function formulatiowen&een considered to model
Rayleigh-TRylor instabilities. The density discontinuity is most accurately approxi-
mated by the magk chain method; the spline method is the moBtieht of the

two dream function methodsThe necessarily much coarser discretization of the
interface in the Lagrangian approach leads in the considered models twea slo
development of the instability Rheological discontinuities are most accurately
approximated by the Lagrangian approach. In general the strain rate is discontinu-
ous across the intexe and this cannot accurately be modelled by the continuous
low order approximation of both stream function methods, leading to oscillations in
the strain rate ®eld and (in case of nonafdmian avs) in the viscosity ®eld. The
wavelength of the oscillations depend on the grid spacing and its amplitude on the
grid spacing, the viscosity contrast across the mterfand the accunaof the cal-
culation of the co@cients of element matrices in elements in which the viscosity is
discontinuous. & moderate viscosity contrasts andvpo lav indices the dynami-

cal behaiour of the Rayleigh-aylor instability is modelled accurately by the
stream function methods, as is seen from direct comparison of geomesry
velocity and viscosity between the three methotlse of the spline method is
favourable from a computational point of wie



