
Chapter 4

Numerical modelling of Rayleigh-Taylor instabilities

4.1 Introduction

A prominent example of •ow of crustal rocks driven mainly by compositional
buoyancy is found in salt diapirism.Rocksalt is nearly incompressible and main-
tains its relatively low density under high pressures.After deposition of the salt in
evaporite basins and subsequent burial by increasingly denser sediment, a density
inversion can occur which may lead to the formation of salt domes.The large eco-
nomical interests, associated with hydrocarbon trapping and long term storage of
radioactive waste and energy reserves, have lead to an extensive study of the
dynamics of salt dome formation, using analytical methods [Hunsche, 1977; Ram-
berg, 1981], experimental approaches [Whitehead & Luther, 1975; Talbot, 1977;
Jackson et al., 1990], and numerical modelling [Berner et al., 1972; Woidt, 1978;
Schmeling, 1987].In both the analytical and numerical approaches, the mathemat-
ical model has been used of a Rayleigh-Taylor instability - a gravitational instabil-
ity of a layer of heavy •uid overlying a lighter one [Chandrasekhar, 1961].

In this chapter some technical aspects of the numerical modelling of Rayleigh-
Taylor instabilities will be discussed.The quality of the numerical study of this
model depends strongly on the approximation of viscosity and density. The dis-
continuity of these properties across the interface between the two • uids makes this
a non-trivial task.

4.2 Implementationof buoyancy forces

In the stream function methods (chapter 3), the interface is represented by a dis-
crete chain of markers. The elements of the load vector are deŒned by the integral
expression (3.28) (withRa= 0), which for a given distribution of markers can efŒ-
ciently be calculated by the simple summation (3.30).Table 3.4 of chapter 3 shows
the high accuracy that can be obtained.Implementation of the marker chain
method is more complicated within the penalty function approach.The element
load vector is then given by (refer 3.15d)
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Calculation of the integral is dif®cult to perform accurately in elements through
which the marker chain passes. A more natural approach is to represent the inter-
face by element boundaries and create a new mesh at each step.The success of this
Lagrangian approach depends strongly on the intelligence of the mesh generator.
At large deformations the automatic mesh generation can fail, but regular geome-
tries, such as the relatively simple domal shapes, can be handled without problems.

Dx = 0.1 Dx = 0.06 Dx = 0.04 Dx = 0.02
Figure 4.1 Initial conŒguration used in the Lagrangian approach for decreasing typical el-
ement sizeDx.

The accuracy of the Lagrangian method can be tested by determining the growth
rate of a perturbation on an initially horizontal interface. From linear stability anal-
ysis, an analytical solution can be obtained for this case.Figure 4.1 shows the ini-
tial mesh con®gurations for a Rayleigh-Taylor instability of two layers of equal
thicknessh = 0. 5. In this and following models all physical quantities are non-
dimensional. Thegrids are characterized by the typical size of an element bound-
ary Dx. Table 4.1 shows the accuracy of this method in determining the growth rate
k for a model with density contrastDr = 1, free-slip boundaries and constant vis-
cosityh = 1. The initially horizontal interface (shown by the thick solid line) is per-
turbed by a harmonic with wav elength 2 and amplitude 0.01 (compare table 3.4).

Table 4.1 Rayleigh-Taylor instability

Dx growth rate cpu
Dx = 0. 1 0.05272 2
Dx = 0. 06 0.05295 8
Dx = 0. 04 0.05302 38
Dx = 0. 02 0.05309 512
Analytical 0.05313
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4.3 Isoviscous models

Figure 4.2 displays the development of the ®nite element mesh for the Rayleigh-
Taylor instability described above. The interface is advanced using the predictor-
corrector method described in chapter 3.After each time step the nodal points
along the interface and at the vertical boundaries are repositioned to maintain a
approximate element sizeDx = 0.06. Themesh is regenerated for each solution of
the Stokes equation.At dimensionless timet = 100, the interface nearly reaches
the top and bottom boundary of the domain.If it would be allowed to reach the
boundary the nodal points describing the upper and lower boundary of each ¯uid
layer would overlap and the mesh would become ill-de®ned.At least one element
row is maintained between the top and bottom boundary of the domain and the
interface. Thevertical size of the element row is kept ®nite (³ 0. 01) to avoid

t = 40 t = 100 t = 160 t = 220

Figure 4.2 Development of an isoviscous (h = 1) Rayleigh-Taylor instability with free-slip
boundaries, modelled with the Lagrangian approach, Dx = 0. 06. Density difference be-
tween the layers is Dr = 1.

t = 40

y  10´ 10
c1 10´ 10

t = 100 t = 160 t = 220

Figure 4.3 Same as figure 4.2, now modelled using the stream function formulation. y indi-
cates the spline method, C1 the method using the non-conforming element.
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numerical errors as a consequence of a large element aspect ratio [Cuvelier et al.,
1986].

Figure 4.3 shows the evolution of the interface between the ¯uids for the same
Rayleigh-Taylor model, calculated using the marker chain method in the stream
function formulation, using both bicubic splines (denoted byy ) and the non-con-
forming element (C1) (for grid speci®cation refer chapter 3).The marker chain is
regridded at each time step to maintain an approximate distance between the mark-
ers of 0.002.

Figure 4.4 compares the development the height of the diapirh and the root-
mean-squared velocity vrms (3.35) for the marker chain method and the Lagrangian
approach.
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Figure 4.4 Comparison of the three methods. e denotes the Lagrangian approach. The use
of a 3 ´ 3 Gaussian quadrature rule is indicated by G:3 ´ 3.

Both marker chain methods compare very well. For these isoviscous models
the relative coarse grid suf®ces to calculate the global evolution of the model. In
®gure 4.3 some small oscillations in the interface are visible att = 220 which is
mainly a consequence of the larger relative error in calculating the velocity compo-
nents from the stream function in the stagnation zone.The marker chain method
makes it possible to use a ®ne discretization of the interface. In the Lagrangian
approach it is necessarily coarser and this makes the implementation of the buoy-
ancy forces less accurate. This can be observed when comparing the graphs ofvrms
in ®gure 4.4 and the snapshots att = 100 in ®gure 4.2 and 4.3.This error can be
reduced by decreasing the average element size at the cost of much higher compu-
tational effort. Figure4.4 comparesvrms calculated using an average element size
Dx = 0.04 with the other models.

The spline method is faster by a factor 3 compared to the non-conforming ele-
ment method for the problem described above. Both methods are much faster than
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the Lagrangian approach, where at each step the mesh has to be regridded and the
discretized matrix equation has to be constructed again. In both marker chain
methods the ®nite element mesh and the viscosity distribution are stationary in time
and this makes it possible to construct the stiffness matrix only once, and store the
decomposed form of the matrix in memory. The discretized Stokes equation can
then ef®ciently be solved by back-substitution.This disadvantage of the
Lagrangian approach, with respect to the stream function methods, disappears in
the modelling of non-isoviscous ¯ows, where the stiffness matrix has to be con-
structed at every step, irrespective of the employed method.

4.4 Newtonianmodels with variable viscosity

A more realistic model for salt diapirism is a Rayleigh-Taylor instability where the
upper layer, representing the sediment, has a higher viscosity than the underlying
(salt) layer. Traditionally a viscosity contrast of 30-100 has been used [Hunsche,
1977; Woidt, 1978; Roemer & Neugebauer, 1991]. Inthe Lagrangian approach the
discontinuity in the viscosity coincides with the element boundaries representing
the interface between the ¯uids. The viscosity is constant in each element.In the
stream function approaches the integrals (3.27) and (3.33) are dif®cult to calculate
accurately in elements in which the viscosity is discontinuous. Using standard
Gaussian integration (with 3́ 3 Gaussian points), the viscosity discontinuity is not
well resolved. Woidt [1980] uses an 8́8 Gaussian rule within those elements to
improve on this. It is questionable whether this computationally expensive method
is necessary for purely Newtonian ¯ows. Localchanges in the viscosity distribu-
tion will not have a strong in¯uence on the large scale ¯ow, as can be seen from the
rise of small 'Stokes' droplets through a viscous medium.The drag exerted on the
droplet which is only a function of radius, velocity and viscosity of the surrounding
¯uid [Batchelor, 1967]. Theviscosity of the droplet itself is not important in deter-
mining the speed with which it rises.The use of Gaussian integration in calculat-
ing the element integrals effectively diffuses the discontinuity over a length scale
that is determined by the spacing between the Gaussian points. Using a higher
Gaussian rule will decrease the spacing and improve the resolution of the disconti-
nuity, but, as will be shown in the following example, this has not a distinguishable
effect on the dynamics of the Rayleigh-Taylor instability.

Figures 4.5-4.7 compare the evolution of a model with two homogeneous ¯uid
layers with different density and viscosity. Initial perturbation is a harmonic with
wavelength 2 and amplitude 0.01.The viscosity of the upper layer ish1 = 100, the
lower layer has viscosityh2 = 1. Figure4.5 shows snapshots of the mesh in the
Lagrangian approach withDx = 0.04. Figure4.6 shows the development calcu-
lated by the spline method (using both a 3´ 3 and 8´ 8 Gaussian rule), in
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t = 3000 t = 4000 t = 5000 t = 6000

Figure 4.5 Development of a non-isoviscous Newtonian RT instability with free-slip bound-
aries, as modelled by the Lagrangian approach (Dx = 0. 04). The density difference is
Dr = 1, viscosity of the upper layer is h1 = 100, and the viscosity of the lower layer h2 = 1.

t = 3000

y  G:8´ 8
y  G:3´ 3
c1 20´ 20

t = 4000 t = 5000 t = 6000

Figure 4.6 Comparison of development of RT instability (model parameters as in figure
4.5) calculated by the spline method (y , grid 10 ´ 10 ) with 3 ´ 3 and 8 ´ 8 Gaussian
quadrature rules and the method with the non-conforming element (C1, grid 20 ´ 20 ) ).
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Figure 4.7 Comparison of the three methods in calculating h and vrms.

comparison to the result obtained by using the non-conforming element (3´ 3
Gaussian quadrature).h andvrms are displayed in ®gure 4.7.The rms velocity has
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two distinct peaks att » 3000 andt » 5200, which are correlated to reorganizations
in the ¯ow pattern, when the interface between the ¯uids 'feels' the in¯uence of
®rst the lower boundary and next the side boundary. The Lagrangian approach pre-
dicts a development that is, as has been observed in the purely Newtonian case (®g-
ure 4.4), a little slower than that predicted by the stream function methods, but the
difference is small.

The second invariant of the strain rate tensor”e is the main parameter determin-
ing the power law viscosity (2.11).In the models used in this section, the viscosity
is discontinuous across the interface between the ¯uids. As surface tension effects
can be neglected, both the normal and shear stress have to be continuous across the
interface. Ingeneral this leads to discontinuous components of the strain rate ten-
sor and discontinuous”e. In the Lagrangian approach this discontinuity will be
resolved accurately, as the interface coincides with element boundaries, across
which the derivatives of the velocity shape functions are not necessarily continu-
ous.

In both stream function methods”e is continuous within the elements and the
use of bicubic splines even guarantees continuity of”e across element boundaries.
As will be shown below the continuous approximation to”e leads to spatial
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Figure 4.8 Strain rate ”e at x = 0. 5 calculated by the three methods for the Newtonian mod-
el with homogeneous layers of different viscosity. The discontinuity in strain rate at the inter-
face between the fluid is only well resolved by the Lagrangian approach (e).
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oscillations that depend on element size and accuracy of the numerical integration.
For a power law creep model this will have a strong effect on the viscosity distribu-
tion around the interface between the ¯uids.

Figure 4.8 displays the value of Çe at a cross-section through the model at
x = 0. 5 for the three methods at timest = 3000 andt = 6000 (compare ®gure 4.6).
The heavy solid line displaysÇe calculated from the Lagrangian approach, showing
the discontinuities at the interface aty = 0. 56 (t = 3000), y = 0. 35 and y = 0. 95
(t = 6000). The spline method (heavy dashed line) gives a continuous approxima-
tion, which oscillates in the layer with the lowest viscosity. As a consequence of
the relatively coarse discretization (19´ 19 spline coef®cients are used) each spline
has a broad basis, and a large part of the medium is in¯uenced by the induced
oscillations. Theresults obtained with the non-conforming element (calculated at a
®ner grid) show sharp and short wav elength oscillations, again in the layer with the
lower viscosity.

Figure 4.9a shows the effect of grid re®nement on the results of the spline
method, compared with the Lagrangian approach.The mesh indicated with
20´ 20 results in 39́ 39 unknown spline coef®cients. Figure4.9b displays results
obtained for t = 3000 with a more accurate calculation of the integrals in the
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Figure 4.9 Compare figure 4.8. a) Influence of increasing the number of elements in the
spline method y b) Influence of calculating the element integrals in the stiffness matrix in the
element in which the marker chain lies using an 8 ´ 8 Gaussian rule and a trapezoid rule us-
ing 20 ´ 20 points within the element.
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coef®cients of the stiffness matrix (3.33).In the elements in which the viscosity is
discontinuous, the integral is approximated by either an 8´ 8 Gaussian quadrature
rule (heavy dash), or a 20́ 20 trapezoidal rule (light dash-dot). Both methods
improve the solution slightly, by decreasing the amplitude of the oscillations.
However, it is clear from the above experiments, that the inability of the employed
shape functions to model the discontinuous strain rate function is the main reason
for the occurrence of the oscillations.

4.5 Non-Newtonian•o ws

To illustrate the effects of the oscillatoryÇe in non-Newtonian ¯ows, some experi-
ments are performed with strain rate weakening power law creep model

(4.2)h = A- 1/n Çe
1- n

n n > 1

The non-linear equations of motion are solved by Picard sub-iteration.The strain
rateÇe within an element can be expressed as a function of the velocity components
in the nodal points using the analytical expressions of the derivatives of the shape
functions (see appendix A and B).

In the ®rst non-Newtonian model to be considered the material propertiesA
and n are constant throughout the medium.Figure 4.10 shows the snapshots of
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Figure 4.10 Snapshots of the interface and the strain rate Çe for a non-Newtonian RT insta-
bility. A = 1 and n = 3 in both layers.
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log Çe and the interface for a model withA = 0. 1andn = 3, calculated by the spline
method with mesh 15́15. Initial amplitude of the harmonical perturbation is 0.1.

Figure 4.11 compares the top of diapir (h), rms velocity (vrms), and the mini-
mum (hmin), maximum (hmax), and volume averaged (hav) viscosity calculated by
the spline method (y ) and the Lagrangian approach (e). Oncethe interface reaches
suf®cient amplitude the effective viscosity decreases sharply and the diapir moves
fast. Therapid overturn creates the sharp peak visible in the rms velocity. hmin and
hav are smooth functions of time and show a clear minimum during the overturn.
The coarser interface discretization is again the reason for slower development of
the model in the Lagrangian approach, but the time lag is small and otherwise the
approaches compare quantitatively very well. The maximum viscosityhmax is
determined by the local strain rate minima in the stagnation points (or rather stag-
nation zones; ®gure 4.10). The value of the strain rate in these points is clearly not
well de®ned, but as the amount of deformation is negligible here, the actual value
of the viscosity is not very important.The erratic behaviour of the maximum vis-
cosity has been observed previously in time-dependent thermal convection models
using the penalty function formulation [Van den Berg et al., 1993]. It shows that
hmax cannot be used as a good indicator of the dynamical behaviour of the models.

An interesting class of models comprises those with material parameters that
are discontinuous across the interface. Consider a dense Newtonian layer overlying
a lighter non-Newtonian one.The discontinuity in the creep law induces a viscos-
ity discontinuity and consequently oscillations in the strain rateÇe if the marker
chain method is employed (section 4.4). The oscillations inÇe have a strong in¯u-
ence on the viscosity distribution in the non-Newtonian layer and it has to be inves-
tigated whether the marker chain method can still be used for this class of models.
Following examples are calculated with the Lagrangian approach and the spline
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Figure 4.11 Development of h and vrms for the non-Newtonian model.
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Figure 4.12 Development of a RT instability with Newtonian rheology in the upper layer
(A = n = 1 and non-Newtonian in the lower layer (A = 0. 01 , n = 3). The oscillations in
strain rate Çe that are induced by the approximation of the interface in the spline method (top
row) are absent in the Lagrangian approach (bottom row).

method. The other marker chain method behaves qualitatively in a similar way as
the spline method.The conclusions that are made hold equally for both marker
chain methods.

Figure 4.12 shows snapshots of the interface andÇe for a model with Newtonian
upper layer (A = 1, n = 1) and non-Newtonian lower layer (A = 0. 01,n = 3). Other
model parameters are as in the previous model.Some derived quantities are plotted
in Figure 4.13. The results displayed in the top row (Fig. 4.12a) are calculated
using the spline method (grid 15´ 15). The oscillations close to the interface
resulting from the use of the marker chain method are clearly visible.The
wavelength of the oscillations is determined by the grid spacing, the amplitude
depends on the amplitude of the nearby viscosity discontinuity. In the areas where
low strain rates prevail the viscosity discontinuity is largest.
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Figure 4.13 Development of h, vrms and h for the mixed Newtonian/non-Newtonian model,
comparing the spline method (y ) and the Lagrangian approach (e).

The results obtained using the Lagrangian approach(Dx = 0.04) are shown in
Fig. 4.12b. The discontinuity inÇe is well resolved and oscillations of the sort that
are visible in ®gure 4.12a do not occur.

In ®gure 4.13 the position of the top of diapirh, rms velocity vrms, and the vis-
cosityh in the lower layer are plotted as function of time.h andvrms are similar in
both calculations, except for the - expected - time lag induced by the Lagrangian
approach. Att » 13 the viscosity is minimal in the lower right hand side corner
where the lower layer is squeezed away from the right hand side boundary. In the
thin row of elements that is maintained between the interface and the lower bound-
ary the calculation of the strain rate is not very accurate and its value is generally
overestimated (compare e.g. ®gure 4.8b, neary = 0). Locally, this induces the
exaggerated viscosity minimum, that is visible in ®gure 4.13.The viscosity con-
trast across the interface (that is now time and position dependent) is moderate in
the above model (on the average around 10́, compare ®gure 4.13).Some models
have been examined with higher contrasts. Those displayed stronger oscillations in
Çe andh when using the marker chain method.Methods to smooth the oscillations
have been examined, but these showed to have negligible effect on the dynamics of
the Rayleigh-Taylor instability. Howev er, it cannot be excluded, that in situations
with strong viscosity contrasts and a highly non-linear rheology the numerical
oscillations in the viscosity ®eld can play a role in governing the dynamics of the
model and that the Lagrangian approach might be essential in obtaining a reason-
ably accurate solution to the problem.

From a computational point of view the spline method is the most ef®cient,
with respect to both computer time and memory. In the example above with free-
slip boundaries and grid 15´ 15) there are 29́ 29 = 841 degrees of freedom (the
spline coef®cients). Thematrix has a bandwidth of 3´ 29 + 3 (refer appendix B)
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and requires approximately 600 Kbyte of core memory. Calculation of the matrix
coef®cients is by far the computationally most expensive task in the solution pro-
cess, because of the complicated expressions (3.33).Construction of the matrix
and solution of the discretized system of equations takes 11 seconds on a Iris
Indigo workstation. Onthe same grid there are 2463 unknowns in the C1-method.
The matrix can be stored in 2 Mbyte. The solution of the system takes 9 seconds,
just a little faster than the spline method, but it should be stressed that for approxi-
mately the same accuracy the C1 method needs more elements.In the Lagrangian
approach withDx = 0.04 there are 5508 unknowns and the matrix storage requires
approximately 4.7 Mbyte. The solution of the system takes 30 seconds. A further
disadvantage of the Lagrangian method is that convergence of the Picard iteration
to solve the equation of motion for non-linear rheology is slow. It takes about 2́
the number of iterations compared with both stream function methods.

4.6 Conclusions

The two stream function methods described in chapter 3 and a Lagrangian
approach using the penalty function formulation have been considered to model
Rayleigh-Taylor instabilities.The density discontinuity is most accurately approxi-
mated by the marker chain method; the spline method is the most ef®cient of the
two stream function methods.The necessarily much coarser discretization of the
interface in the Lagrangian approach leads in the considered models to a slower
development of the instability. Rheological discontinuities are most accurately
approximated by the Lagrangian approach. In general the strain rate is discontinu-
ous across the interface and this cannot accurately be modelled by the continuous
low order approximation of both stream function methods, leading to oscillations in
the strain rate ®eld and (in case of non-Newtonian ¯ows) in the viscosity ®eld. The
wavelength of the oscillations depend on the grid spacing and its amplitude on the
grid spacing, the viscosity contrast across the interface, and the accuracy of the cal-
culation of the coef®cients of element matrices in elements in which the viscosity is
discontinuous. For moderate viscosity contrasts and power law indices the dynami-
cal behaviour of the Rayleigh-Taylor instability is modelled accurately by the
stream function methods, as is seen from direct comparison of geometry, rms
velocity and viscosity between the three methods.Use of the spline method is
favourable from a computational point of view.


