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Introduction

In early October 2002 a group of researchers met at the University of Michigan at Ann Arbor, MI
to discuss the modeling of the thermal structure and dynamics of subduction zones
(www.geo.lsa.umich.edu/˜keken/subduction02.html). At the workshop it became clear that the
community could greatly benefit from a set of benchmarks that allow for code testing and com-
parisons. We can identify two fundamental approaches for subduction zone modeling: a) fully
dynamic, where the deformation of the slab is computed using descriptions of rheology and buoy-
ancy; and b) wedge dynamical models, where the geometry and velocity of the slab is imposed
kinematically, with a dynamic solution only for the wedge. This draft paper formulates a set of
benchmarks of increasing complexity focusing on the second category. The first category requires
a fundamentally more difficult approach. For a discussion of a number of potential dynamic
benchmarks see www.geobench.org. We hope that this this set of benchmarks will evolve to a
standard in subduction modeling, similar to the role of the mantle convection benchmarks formu-
lated in Blankenbach et al., 1989; Busse et al., 1993; and Van Keken et al., 1997.

Description of governing equations and parameters

Conservation of mass for incompressible fluid:

(1)∇ ⋅ v = 0

Heat transport equation for an incompressible medium:

(2)ρc p(v ⋅ ∇)T = ∇ ⋅ (k∇T ) + Q + Qsh

Conservation of momentum for viscous flow:

(3)∇ ⋅  τ − ∇P = 0

with deviatoric stress tensor τ:

(4)τ = 2ηε̇

and components of the strain rate tensor ε̇:
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The effective shear viscosity η follows from (4):
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τ
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A general equation for the viscosity of olivine deformation by diffusion creep is

(7)ηdiff (T ) = Adiff e(Ediff + pVdiff )/RT

and for deformation by dislocation creep

(8)ηdisl(T , ε̇) = Adisl e
(Edisl+ pVdisl)/nRT ε̇(1−n)/n

See, for example, Karato and Wu (1993).

Definition of symbols
Quantity Symbol Reference value and/or SI units

Velocity v m/s
Dynamic viscosity η η0 = 1021 Pa ⋅ s
Stress tensor τ Pa
Strain rate tensor ε̇ 1/s
Dynamic pressure P Pa
Dynamic pressure gradient ∇P Pa/m
Density ρ ρ0 = 33 0 0 kg/m3

Temperature T T0 = 15 73 K = 13 0 0 °C
Thermal conductivity k k = 3 W/mK
Heat capacity c p 1250 J/kgK
Radiogenic heating Q W/m3

Shear heating Qsh W/m3

Thermal diffusivity κ = k/ρc p 0. 7272 ×10−6 m2/s
Activation energy for diffusion creep Ediff 33 5 kJ/mol
Activation energy for dislocation creep Edisl 540 kJ/mol
Powerlaw exponent for dislocation creep n 3.5
Pre-exponential constant for diffusion and dislocation creep Adiff , Adisl Pa ⋅ s1/n

Hydrostatic pressure p Pa
Activation volume for diffusion and dislocation creep Vdiff , Vdisl 0 m3/mol
Gas constant R 8. 3145 J/molK

All models are 2D Cartesian (assuming no variation in the third dimension). For simplicity we
will not make a distinction between potential and ’real’ temperature.

Model description

Computational domain: box of 660x600 km (see Figure 1). Straight slab at 45 degree angle. The
top of slab starts in the upper left hand corner at (x = 0 km, z = 0 km). The mantle below the slab
moves with the same velocity V0. The speed of the slab is |V0| = 5 cm/yr. The overriding plate
above the wedge is assumed rigid and extends to a depth of 50 km. Reference values for k, ρ, and
c p. Note that this yields a value for κ = 0. 7272 ⋅10−6m2/s. No radiogenic or shear heating. Age
of the incoming lithosphere at x=0 is 50 Myr, projected vertically onto the side wall boundary.

In benchmark 1 we formulate three different cases that differ in the treatment of the velocity in an
isoviscous wedge of viscosity η0. Case 1a uses the Batchelor analytical solution for the corner-
flow and is therefore strictly an advection-diffusion problem for heat. Case 1b requires solution of
the Stokes equation in the isoviscous wedge but with the Batchelor solution imposed on the
inflow and outflow boundaries. This case tests the ability of the methods to accurately reproduce
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Figure 1  Geometry of the subduction zone benchmark

the Batchelor solution. In case 1c the in- and outflow boundary conditions are stress-free rather
than imposed velocity.

In benchmark 2 we formulate two cases that differ in the rheological description of the wedge.
Case 2a uses a temperature-dependent viscosity following the diffusion creep of olivine with con-
stant grain-size. Case 2b uses a temperature- and strain-rate-dependent viscosity based on the dis-
location creep in olivine.

The benchmark models explicitly treat the ’seismogenic zone’ from (0,0) to (50,50) as a fault
with discontinuous velocity. On the slab side the velocity is always V = V0, on the overriding
plate side the velocity is always V = 0. In case 1a the velocity along the slab-wedge interface is
V = V0 and the velocity internal to the wedge is defined by the Batchelor analytical solution. The
velocity description changes at (50,50). From the seismogenic zone perspective this point has
velocity V = V0 along the slab, V = 0 along the overriding plate but below this point the velocity
is continuous across the slab wedge interface. We recommend treating this point as part of the
seismogenic zone with discontinuous velocity.

When the Stokes solution is solved the boundary conditions at the top of the slab require special
attention. The Batchelor cornerflow description has discontinuous velocity at the cornerpoint
(50,50) which causes a singularity in pressure. While this singularity is integrable, it is known to
influence the accuracy of the discrete solution of most methods even when very high resolution is
used. We modify the boundary condition for the wedge flow in such a way that velocity is contin-
uous, by letting the velocity increase linearly from V = 0 at (50,50) to V = V0 a short distance
downstream from the cornerpoint. Formally, we change the boundary condition along the slab-
wedge interface from

(9a)v(xslab−wedge) = V0

to



(9b)
v(xslab−wedge) =

x − xcorner

x full−coupling − xcorner
V0

v(xslab−wedge) = V0

xcorner ≤ x ≤ x full−coupling

x ≥ x full−coupling

where xslab−wedge is the position of the slab-wedge interface, xcorner is the cornerpoint (50,50), and
x full−coupling is the position down-slab where full coupling is achieved. This should be a short dis-
tance D from the cornerpoint so that,

(9c)x full−coupling = xcorner + √⎯ ⎯DI

Tests show that with a resolution on the order of a km and a transition length on the order of a few
km (or better) provides an adequate match to the Batchelor solution. The velocity ramp is on the
wedge side only and this short segment should be treated as an extension of the fault from (0,0) to
(50,50). This transition can be thought of as a healing fault, where the velocity description
changes from that of a discontinuous fault (with V = 0 at the side of the wedge and overriding
plate; V = V0 at the slab side) to a fully coupled zone (with V = V0 on both sides of the slab-
wedge interface).

The cases with variable rheology have viscosity in the wedge based on the general form (7)+(8)
with a (maximum) viscosity cut-off. Since the flow in the wedge is driven purely kinematically,
the range of dynamic viscosity influences the solution. This effect is particularly strong near the
return flow in the corner point. A large dynamic range in viscosity leads in this case to deforma-
tion and unrealistic high stresses in the high viscosity regions. In order to avoid this physically
unrealistic situation the effective viscosity follows from a truncation of the olivine creep laws fol-
lowing
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where ηdiff follows from (7), ηdisl from (8), and ηmax is the maximum viscosity.

Description of the benchmark cases

1a) Temperature field with isoviscous wedge using the analytical Batchelor solution.
Use the analytical expression for cornerflow (e.g., Batchelor, 1967) to describe (u,v). This model
requires only the solution of the temperature equation with the following boundary conditions:
Ts = 273 K at the surface. Tm = 15 73 K  at the inflow portion of the wedge (below the overriding
plate). This results in a linear temperature gradient in the overriding plate at the left hand bound-
ary. The temperature at the slab inflow boundary is described by the standard error function con-
sistent with the 50 Myr age of the lithosphere

(10)T (z) = Ts + (Tm − Ts)erf (
z

2√⎯ ⎯⎯⎯κT50

)

where T50 is the age of the lithosphere in seconds. At the slab and wedge outflow boundaries:
∇T ⋅ n = 0. Specify P = 0 at the inflow boundary at the interface between overriding plate and
wedge (x = 66 0 km, z = 50 km).



1b) Dynamically computed wedge flow with constant viscosity - 1.
As in a), but now with a dynamical solution for the velocity in the wedge only. The flow is kine-
matically driven by the slab (i.e., no buoyancy due to thermal expansion). In order to compare
results with a) we will describe the same boundary conditions for velocity: velocity is 0 at the top
of the wedge. The velocity is equal to the slab velocity at the slab-wedge interface. The velocity
of the inflow and outflow boundary are imposed by the Batchelor solution. See for example the
results shown in Appendix A of Van Keken et al. (2003).

1c) Dynamically computed wedge flow with constant viscosity - 2.
As in b), but now with natural boundary conditions for stress at the inflow and outflow boundary.
Both the normal and the tangential component of the total stress τ − PI, where I is the identity
tensor should be set to zero.

2a) Dynamical wedge with diffusion creep
Use the formulation (11) for the effective viscosity for diffusion creep in olivine with
Ediff = 33 5 kJ/mol, Vdiff = 0, and pre-exponential factor Adiff = 1. 320 43 ×109 Pa ⋅ s, and
ηmax=1 026 Pa ⋅ s. This prefactor follows from the arbitrary assumption that η =  η0 at 1473 K.

2b) Dynamical wedge with dislocation creep
Use the formulation (12) for the effective viscosity for dislocation creep in olivine with
Edisl = 540 kJ/mol, Vdisl = 0, n = 3. 5, and pre-exponential factor Adisl = 28 968. 6  Pa ⋅ s1/n (corre-
sponding to the dislocation creep parameters of Karato and Wu, 1993), and ηmax=1 026 Pa ⋅ s.

Requested output

For each of these models provide
Required:
2D arrays of T , P, dT /dx, dT /dz, dP/dx and dP/dz. Provide these quantities at xi, z j , where
xi = (i −1)∆x and z j = ( j −1)∆z with ∆x = ∆z = 6 km. This allows us to difference various solu-
tions as function of type of code, assumptions about boundary conditions and resolution of the
computational grid. Also provide heat flow in this output grid points at the surface (xi, 0).
Format of the output files. Please provide these quantities in dimensional units (T in °C, P in
MPa, heat flow in W/m2, and the pressure and temperature derivatives in MPa/km and °C/m). The
2D arrays should be in ASCII (text) files with 101 rows, each containing 111 numbers. The top
row corresponds to the surface of the model.

Optional:
Integrated quantities, e.g., rms-velocity, average temperature, average pressure, and average dissi-
pation in the wedge.



Optional test for convection dominated flows

Model description

a) Transport of smooth function
As in 1a (isoviscous wedge using analytical Batchelor solution) but with low diffusivity and vari-
able temperature at inflow boundary, e.g.,

T (0, z) = cos(nπ(z − z0)/λ)

where z0 is the thickness of the overriding plate (50 km) and λ is the distance between the base
of the overriding plate and the transition between in- and outflow of the Batchelor solution. Use
n = 1, n = 3, n = 5. . ..

b) Transport of discontinuous function
As in 3a), but now with a discontinuous function of the form

T (0, z) = T0 if cos(nπ(z − z0)/λ) ≤ 0

T (0, z) = T0 + ∆T if cos(nπ(z − z0)/λ) >  0

Requested output:

Show the temperature at the outflow boundary of the wedge.
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